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Introduction

Feller branching process and Branching property

@ A Feller branching process is the unique nonnegative solution

to SDE .
X = Xo+ / VAXABX,
0

where BX is a Brownian motion and v > 0 is the branching
rate.

@ Let Y be another independent Feller branching processes.

t
n:m+/Nanj
0

Since X 4 Y is a continuous martingale with
X+ Y)e = (X)e +(Y)e = [y ¥(Xs + Yi)ds, then X + Y
solves SDE Z, = Xp + Yo + fot V7ZsdBZ.

@ Such an additive property is called branching property.
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Continuous-state branching process (CB processes)

o Feller diffusion is an example of continuous-state branching
processes. In general, a continuous-state branching process is
a nonnegative Markov process X (with no negative jumps)
satisfying the branching property.

@ lIts Laplace transform is determined by

]ExefHXt — e*XUt(e)

where function u;(0) satisfies the differential equation

Ou(0) B
ot +P(ue(0)) =0

with ug(#) = 6 and
P(N) = b + %0%2 +/ (™™ — 1+ Ax)MN(dx)
0

for o> 0,b E R and for o-finite measure I on (0, c0)

A 22\[(]
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Lamperti transform

o CB process is associated with a spectrally positive Lévy
process via the Lamperti time change.

@ Write Z for a spectrally positive Lévy process and
1o = inf{t: Z; = 0}. for its first time of reaching 0. Write

tAT, 1
n(t) == / ’ 7ds and 1 Y(t) :=inf{s > 0:n(s) > t}.
0 S

Then process X; := anl( - is the CB process.

t)A
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A class of nonlinear continuous-state branching processes

@ We can generalize the above mentioned Lamperti transform.
Let R be a positive function on [0, c0). Define

n(t) = /Ot K R(ZY) ds and 1 Y(t) :=inf{s > 0:n(s) > t}.

Then X; =27 _ — i nonlinear continuous-state
N A= Spi(ar 192

branching process with branching rate function R(x).
@ Process X has a generator L on C2[0,00) such that

Lf(x) := R(x)L*f(x)
0.2 00
= R(x) <—bf/(x) + 7f”(x) —|—/0 (F(x +u)—f(x)— uf/(x))> I

where L* is the generator for a spectrally positive Lévy
process.
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@ Intuitively, it is a branching process whose branching rate
depends on the current population size.

o Observe that for b >0, 7, := inf{t : Z; < b} and
T, =inf{t: X; < b},

T, = /OT"_ 1/R(Zs)ds.

We need to understand the weighted occupation time for Z.

@ Such a nonlinear continuous-state branching process had been
studied in P. Li (2016).

Xiaowen Zhou, Concordia University Coming down



Continuous-state branching process
Nonlinear continuous-state branching process

Introduction

Elements of SNLP

@ A spectrally positive Lévy process (SPLP) is a Lévy process
with no negative jumps.

@ For spectrally positive Lévy process Z; with Zy =0,

Y

for 6,t > 0, where the Laplace exponent for —Z is

1 0
V() = b + 50292 + /

—00

(eez -1- 92) Nn(dz),

for v € R and ¢ > 0. Also, the Lévy measure I1 is a o-finite
measure on (—o0,0) such that

0
/ (z A 2*)N(dz) < oo.

—00

o BEZy = —¢/(0+).
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Scale function

@ The Laplace exponent ¥ is strictly convex and
limg_y00 ¥(0) = 00. Thus, there exists an inverse function
®: [0,00) — [0, 00) such that

@ We often need scale functions to study the fluctuations of
SNLP.

@ The scale function W of the process —Z is defined as the
function with Laplace transform on [0, c0) given by

00 o B 1
/0 e W(z)dz—m for A > @(0).
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Coming down from infinity

@ We say the process X comes down from infinity if
bIl_}mOOXILn;oIP’X(Tb <o0)=1. (1)
o Let Py :=limy_o Py and E., be the corresponding

expectation.

@ We can show that X comes down from infinity if and only if
E T, < oo for all large b.

o If X comes down from infinity, then oo can be treated as an
entrance boundary. P, is the entrance law.

@ The speed of coming down from infinity has been studied for
A-coalescent in Berestycki et al (2010) and for birth and
death processes in Bansaye et al (2015).
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Why coming down from infinity?

o If process Z has a negative drift, it can go down by a large
amount over a long period.

e Starting at x with a large value of R(x), due to the time
change, a short time behavior of X near time 0 corresponds to
a long term behavior of Z, and we see a significant drop for X
over the short time period;

e If X is subcritical and R(x) increases fast enough as x — oo,
the drop becomes so drastic and coming down from infinity
occurs;

e If X is critical, coming down from infinity can still occur if
R(x) increases even faster as x — oc.

We are interested in two kinds of rate function R(x).
o (slow regime) R(x)=x? x,0>0.
o (fast regime) R(x) = e, x,0 > 0.
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Outline of the strategy

Assume that X comes down from infinity.

@ Under Py, we first estimate T,” as b — oo.

o Let X, :=infg<s<¢ Xs be the running minimum process of X.
Since KTE = b, we can show that lim; o4 g%’it) =1in
probability, where g~ is the inverse function of
g(x) =ExT,.

o If X is subcritical, we can show that lims_,o4 % =1, and we
have g%t(t) =1 in probability as t — 0+.
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@ Recall that T, :foTb_ 1/R(Zs)ds.
@ A local time for the process Z is its occupation density.
o Write /(a, t) for the local time of Z at level a up to time t.

e Given ¢/(0+) > 0, by B. Li and Z. (2017) we have for
x,a>b >0,

Ex/(a,7,) = W(a—b) — W(a—x)
and for x,a;,a» > b >0,

Ey[/(a1, 7, )(a2,7, )]
= [W(32 — b) — W(az — x)][W(al — b) — W(al — 32)]
+ W(ay — b)[W(a1 — b) — W(a1 — x)].
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The moments of T,

Suppose that ¢'(0+) > 0. Then for x > b > 0,
E.(T,) = EX/ R (X)L, ds
0
R y)Exl(y, 7y )dy

RN (y)[W(y — b) — W(y — x)]dy.

Eao(T;) = /b R(y)W(y — b)dy.

X comes down from infinity if and only if
f;o R=Y(y)W(y — b)dy < oo for b large enough.
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oo 2
Ex (/0 R X)L oerr ds>

/ R~(ay dal/ R (a2)Exl(a1, 7, (a2, 7, )dan
b b

/ R~ 1 31 dal/ R_l(ag)
b b

X [W ap — b) ( a — x)][W(al — b) — W(al — 32)]d32.

E(T;7) = /:O R1(a1)dan /:O R1(20)
X W(32 — b)[W(al — b) — W(al — 32)]d32.
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If R(x) = x%, then

[ W(y—-b), [ W()
_/ % dy_/o bty
/ W(y)dy / e MO NI-T g\

- e Ab)\0-1 / W(y)e ™ dyd\
r(@)/o 4
1 —)\b/\e 1

_ d\.
r(0)/0 Y(A)

If R(x) = €%, then Eoo(T, ) =

_1
efby(0)
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An asymptotic result in the slow regime

Proposition

Suppose that X is subcritical and there exist 0 < ¢; < ¢ and
0 > 1 such that
ax? < R(x) < ex’

for all x large enough. Then as b — oo,

Ty

——2— 1 in probability under P.
BT, p Yy 00

Outline of the proof: Check that Varoo]ET”T, — 0.

]

b
Under an additional mild condition on i we can show the
convergence holds almost surely.
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Laplace transform of T,

Lemma

Given a locally bounded nonnegative function R on (0, c0), let
Wi (x) satisfy

Wo(x) = e~ O W, 1 (x / W(z ) W, (z)dz, x > 0,n > 0.

Given b >0, if > s Wp(b) < oo, then for all x > b,

Ex[e s ; T, < 00] = Ex |exp —)\/Tb_ ! ds |;7, <oo
) Lb ) o R(Z) )P

T A Wa(x)
257 N Wa(b)
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Proposition
Suppose R(x) = x%1e%*, 6, > 0,61 > 0, ¢/(0+) > 0 and

_ *© W(y — b)
ExoT, :/ ——~dy < 0.
b b R(y) g

Then the sequence W,(x), x > b, can be expressed as Wy(x) =1
and forn> 1,

Wi (x) = dA1 ... dNn.

(2)

1 / e~ > +92)X()\1 A )91 1
F(Gl)” (0,00)" ¢()\1 aF 92) (Z/ 1()\ + 02))
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Let L be a generator on C2(]0,c0)) such that
Lf(x) := x"1e"¥ [ *f(x)

o? o \
— 5 b1 gf2x <_bf’(x) + Tf"(x) + /o (f(x + u) — f(x) — uf'(x))

i.e. L is the generator for the corresponding nonlinear
continuous-state branching process with R(x) = x%e%*. For

f(x) = e ™ we have L*f(x) = e"*()). One can check that for
the function W, given in (2), we have

L* W, (x) = x %1e %X W, _1(x). It follows that

L (i A" W,,) (x) = A i A" Wi (x),
i=0 i=0

ie. Y 2o A"W, is a A-invariant function of L and it is a “scale
function” for process X.
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Corollary
Suppose R(x) = x?, 6 > 0, ¢/(0+) > 0 and

)\971
d\
/w( NS e

Then the sequence Wy(x), x > b is given by Wo(x) = 1 and

x) = L exp(— Y7 Aix) (A1 ... Ap)? 72
Wn( ) T r(e)” /(0 50" ¢(>\1) ce w(Z:;l )\I) d\ ..

In particular, for p(A\) =A% 1 < a <2 and 6 > a we have

jo)
1)

noa—n IH
Wo(x) =1,  W,(x)=x 91‘[“0 (
i=1

dAn,
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Suppose that R(x) = e, > 0 and ¢/(0+) > 0. Then the
sequence Wp(x), x > b is given by Wo(x) =1 and
1

WolX) = G T, w0
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More convergence results

Using the Laplace transforms, we can show that

if R(x) =x%, ¥(A\) =2 with 1 <a <2and 6 > a, then the
distribution of Tl;/]E<>O T, under P, does not depend on b.

e = _sT(0) r(i0 — ia)

Booe ™= = [;<r(e—a ) Hr 0 — (,—1) )

if there exists 1 < a < 2 such that ¥)(A\) ~ A% as A — 0+,
and R(x) = x? for # > a and all x large enough, then

T, /Ex T, converges in distribution under Py,

if R(x) = e for # > 0 and v/(0+) > 0, then the distribution
of T;/IEOO T, under P, does not depend on b.

foce 0 lzn,lwoe)]
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Small time behavior of X, in the slow regime

Recall that g(x) := Ex T, x > 0 and g~ is the inverse function
of g.

Lemma

Suppose that process X comes down from infinity and
T, /g(x) — 1 in probability as x — oo under P, and for any

h>1
lim inf g(x)
D g(hx)

=cp > 1.

Then we have

X
g:Et) — 1 in Po-probability as t — 0 + .
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Small time behavior of X, in the fast regime

Lemma

Suppose that process X comes down from infinity and T /g(x)
converges in distribution under Py, and for any h > 1,

liminf g(x) =
X—00 g(hX)
Then X
% — 1 in Poo-probability as t — 0 + .
g (1)
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Two different ways of coming down

Suppose that process X comes down from infinity and
V/(04) = wley > 0. Then P-as,, lime o4 5t = 1.

| A\

Proposition

Suppose that process X comes down from infinity and for o/ > 0,
W(x) ~ x* as x — oo, which by Tauberian theorem is equivalent
to h(A) ~ A= "1 as A — 0+. Then limsup,_,o. % = 00.

In summary,

@ if X is subcritical and comes down from infinity, then X;
comes down from infinity according to a deterministic
function plus relatively small random fluctuations;

e if X comes down from infinity and W(o0) < oo, then X;
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Given -
W(N) = bA + % e,

o if R(x) = x?, then
o forb>0and f >1,
Xt
(b(0 — 1)t)t/(1=0)

— 1 in Py.-probability as t — 0+ .

o for b=0=02and 0 > qa,
Xt

FORR a—
(r(e(ja) )1/(a=0)

— 1 in Po-probability as t — 0+ .

o if R(x) = %%, then for § > 0,b > 0,

Xt

—Tint—t 1 in Po-probability as t — 0+ .
n
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Thank you for your attention!
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